
Atomistic Monte Carlo Simulations of Polymer Melt Elasticity: Their
Nonequilibrium Thermodynamics GENERIC Formulation in a
Generalized Canonical Ensemble

Vlasis G. Mavrantzas*,† and Hans Christian O2 ttinger‡

Institute of Chemical Engineering and High-Temperature Chemical Processes, GR 26500 Patras,
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ABSTRACT: A novel atomistic Monte Carlo (MC) methodology is presented for the simulation of systems
with a complex internal microstructure away from equilibrium, directly from first principles. The
methodology is based on the general equation for the nonequilibrium reversible-irreversible coupling
(GENERIC) and proposes MC, and not molecular dynamics (MD), simulations in a generalized canonical
ensemble. The new approach, also termed GENERIC MC, is hierarchical and starts with the definition
or selection of the set of state variables describing the system at a coarse-grained level. To each state
variable, a field or conjugate variable is introduced as a proper Lagrange multiplier when projecting
atomistic coordinates onto the macroscopic state variables. Each conjugate variable is formally defined
as the partial derivative of the system thermodynamic potential (the entropy) with respect to the
corresponding coarse-grained state variable, keeping the rest of the state variables constant. The set of
conjugate variables defines the extended canonical ensemble of the atomistic GENERIC MC simulation.
By analyzing the structure of the canonical GENERIC equation for spatially homogeneous, time-
independent flows, a kinematic interpretation is attributed to the conjugate variables of the structural
state variables connecting them to the velocity gradient tensor. This sets the framework for performing
realistic atomistic MC simulations, guided by the thermodynamically admissible macroscopic models
derived from GENERIC, to calculate the free energy of the nonequilibrium system, without going through
the full dynamical problem. The formulation is outlined here for three different viscoelastic fluid models:
the single- and multiple-conformation tensor viscoelastic models for unentangled polymers and the pompon
model for long-chain branched (LCB) molecules. Results are presented from detailed end-bridging,
atomistic MC simulations with the new method for the elasticity of a linear C156 polyethylene (PE) melt,
in a steady-state uniaxial elongational flow. In the simulations, a four-mode conformation tensor
viscoelastic model was employed to project atomistic coordinates. The dependence of the melt free energy
of elasticity on chain degree of deformation due to applied flow field is reported and compared against
the predictions of simple analytic models, commonly used in polymer flow calculations, such as the Hookean
dumbbell and the FENE-P. The latter, which accounts for the finite extensibility of the polymer, is seen
to be more representative of the actual melt response than the former. It is also seen that, in the regime
of small Deborah numbers studied, only the components of the first-mode conformation tensor deviate
from their equilibrium values; higher-mode conformation tensors retain their equilibrium, spherical
symmetry. This explains the success of the single conformation tensor FENE-P viscoelastic model in
fitting rheological data.

1. Introduction

In a recent series of papers,1-3 a general formalism
for the description of nonequilibrium systems was
developed by proposing a general equation for the
nonequilibrium reversible-irreversible coupling through
the use of two generator functionals, the entropy and
the energy. In the proposed formalism, known by the
acronym GENERIC, the time evolution of an isolated
thermodynamic system is defined by the evolution
equations of a prespecified set of independent state
variables, appropriately chosen to provide a complete
description of the given nonequilibrium system at a
coarse-grained, macroscopic level. According to GE-
NERIC, if x represents the set of state variables chosen
to describe the system, its time evolution reads as
follows:

In eq 1, the functionals E and S represent the system
total energy and total entropy, respectively, expressed
in terms of the state variables x, while L and M are
the reversible and dissipative matrices, respectively.
Unless x contains all the particle momenta and posi-
tions, with such a formulation, we refer to as a coarse-
grained description of the system of interest.

In the GENERIC framework, eq 1 is supplemented
by the complementary degeneracy requirements that

and

The requirement that the gradient δS(x)/δx lies in the
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null space of L in eq 2 expresses the reversible nature
of the L contribution to the system dynamics. The
requirement that the gradient δE(x)/δx lies in the null
space of M in eq 3 expresses the conservation of the total
energy by the M contribution to the system dynamics.
Furthermore, it is required that the matrix L is anti-
symmetric and satisfies the Jacobi identity, whereas M
is symmetric and positive semidefinite. The two contri-
butions to the time evolution of x generated by the
energy E and entropy S in eq 1 are called the reversible
and irreversible contributions to GENERIC, respec-
tively.

With the above formulation, a large number of
important examples of nonequilibrium systems have
been expressed in the GENERIC framework by consid-
ering the compatibility between two levels of analysis,
e.g., a molecular based on a mechanical model for the
system and that of the present nonequilibrium thermo-
dynamics-based coarse-grained description, and by study-
ing a large number of specific examples: hydrodynam-
ics, polymer kinetic theory (including hydrodynamic
interaction, rigid constraints, reptation models, and
polymer heat conductivity), and chemical reactions.

More recently, explicit expressions have been derived
for the building blocks E, S, L, and M by a projection-
operator technique from Hamilton’s equations of mo-
tion.4 Atomistic expressions for the building blocks E,
S, L, and M for the most widely used state variables
(mass density, momentum density, energy, and en-
tropy), with emphasis in hydrodynamics, have also been
derived on the basis of projection operator techniques.5
Both of these derivations have been carried out in a
generalized microcanonical ensemble.

Projection operator techniques have also been used
to derive the two-generator (energy-entropy) formula-
tion of GENERIC, starting not from the classical but
from the quantum description of an isolated system at
the microscopic level.6 In the derivation, a generalized
canonical ensemble is employed, thus opening up the
way toward the generalized canonical ensemble refor-
mulation of classical GENERIC, too; simultaneously, all
usual disadvantages of the previously adopted micro-
canonical formalism, which rendered GENERIC almost
inapplicable for practical calculations, are completely
avoided.

It is this advancement, the generalized canonical
ensemble formulation of GENERIC, that has driven the
present work, with an eye on how to use it as a strict
nonequilibrium thermodynamics tool for the design and
implementation of MC (and not MD) algorithms for
useful calculations in systems away from equilibrium.
To this direction, the recent work of Mavrantzas and
Theodorou,7 on the atomistic simulation of the elasticity
of an unentangled polyethylene (PE) melt, constitutes
one of the very first examples where such actual
calculations of the elastic properties of a macromolecular
system were obtained, starting from first principles. The
main output of the Mavrantzas-Theodorou7 work was
the calculation of the Helmholtz free energy of the
system, and, therefore, the calculation of the entropy
of orientation and/or deformation of the polymer melt
when subjected to a given flow field. The work of
Mavrantzas and Theodorou7 was in fact inspired by the
purely macroscopic one-generator (or generalized bracket)
formalism for nonequilibrium systems of Beris and
Edwards.8 In the end of the present paper, the Mavrant-
zas-Theodorou work will be analyzed in the framework

of canonical GENERIC. It will be seen that it constitutes
a formal application of canonical GENERIC, where the
coarse-graining includes mapping of the atomistic sys-
tem onto a single-conformation tensor viscoelastic fluid
model.

The paper is organized as follows: Section 2 completes
the discussion on GENERIC by presenting how it is
implemented for the modeling of a particular class of
materials, namely polymer melts. Issues related to the
choice of the proper state variables, their distinction
between hydrodynamic and structural, and the defini-
tion of the formulas describing the system energy and
entropy (as a function of the system state variables) are
brought up and addressed here briefly. Section 3
presents a complete summary of canonical GENERIC.
Section 4 discusses the form to which the relevant
GENERIC time evolution equation is reduced for spa-
tially homogeneous, time-independent flows. Section 5
gives a detailed description of the new (also termed
GENERIC MC) methodology for the design of atomistic
simulations to get at the elasticity of polymer melts,
guided by the macroscopic models derived by GENERIC.
In section 6, results are presented for the elasticity of
unentangled PE melts obtained by implementing either
a single- or a multiple-conformation tensor viscoelastic
model. Section 7 follows with a discussion of the most
important features of the present work and plans for
immediate future work.

2. GENERIC Modeling of Melts

2.1. State Variables. In the description of any type
of fluid flow, the hydrodynamic variables associated
with the conserved quantities play an important role.
By including the hydrodynamic variables in the list of
independent state variables, appropriate, thermo-
dynamically admissible balance equations can be for-
mulated, which play a central role in any approach to
nonequilibrium thermodynamics.9 In applications of
GENERIC to fluid flow problems, the following vari-
ables are usually chosen as the independent hydro-
dynamic variables: the polymer mass density F(r), the
momentum density u(r), and the internal energy den-
sity ε(r). The internal energy density ε(r) includes all
interactions between atoms of all chains as well as the
kinetic energies associated with their motions with
respect to the local fluid velocity v(r) () u(r)/F(r)).

To capture the effects of the complex structure of
fluids such as polymers, in addition to the hydrodynamic
variables, use is also made of a small number of
carefully selected structural state variables. For the
appropriate choice of the structural variables, good
physical insight is needed. This usually requires that
we be guided by the mechanical or continuum mechan-
ics macroscopic models developed over the years to
describe polymer dynamics. For unentangled polymer
melts, for example, such a structural variable is the
conformation tensor c7,8 for the chain end-to-end vector,
whereas quite often use is also made of multiple
conformation tensors, describing the dynamics of inter-
nal segments further along the chain. For entangled
polymer melts, the well-established reptation picture
offers a very good description of their dynamics. The
reptation model10-12 is mathematically quantified by the
use of the configurational distribution function, defining
the probability of orientation for the unit vector at a
given bead position along the chain contour. For highly
entangled, long-chain branched (LCB) polymer melts,
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the pom-pom13 and the more recent pompon models14

offer a satisfactory description. According to the GE-
NERIC version of the pompon model,14 the structural
state variables considered for LCB polymers are the
tube conformation tensor A(r) and the tube length
Λ(r). The former is used to construct the (traceless) tube
orientation tensor S(r) ) A(r)/tr A(r) while the latter
defines the backbone stretch ratio accounting also for
the portion of the tube into which the pompon arms are
dragged due to flow.

Choosing the state variables is equivalent to defining
the level of description of the system analyzed. In the
subsequent discussion, attention is paid to systems for
which the vector x of state variables is of the form

where X denotes the vector of the structural (not
hydrodyamic) variables used and k ) 1, 2, . . . runs over
all state variables (hydrodynamic and structural).

2.2. Energy-Entropy. The energy of the system E
is assumed to be of the simple form

where ε denotes the internal energy density of the
system. The internal energy of the system, ε, is one of
the primary state variables; thus, no dependence of ε
on any of the structural state variable(s) X is allowed.
If one wishes to describe energetic effects due, for
example, to an externally applied field, an additional
term, em(r,F,X), should be included in the above expres-
sion. However, in the present study, the analysis will
be restricted to cases where the energy E of the system
is given by the simple form of eq 5.

The entropy S of the system is associated with the
very local arrangements and motions of atoms and with
the structural state variables describing, for example,
overall chain conformation, tube orientation, chain
stretching, etc. No dependence of the entropy is assumed
on the hydrodynamic momentum density state variable
u. In this framework, the expression for the entropy has
the following form:

This is a very general expression for S(x), including
among others the possibility of its splitting into a local
and a nonlocal, configuration-dependent part, the local
term defining the absolute temperature (see section 3).
For more detailed expressions for the two generators E
and S, the interested reader is referred to Chapters 4
and 5 of ref 15.

3. Formulation of GENERIC in a Generalized
Canonical Ensemble: The Use of Conjugate
Variables

The starting point in the generalized canonical GE-
NERIC formulation is a coarse-graining or level-jump-
ing procedure according to which the microscopic or
atomistic variables z (atomic positions ri and conjugate
momenta pi, i ) 1, 2, . . . , n, where n is the total number
of atomistic units in the system) are mapped or projected
onto a list of slowly changing or slowly relaxing state
variables, the set x ) {xk}, k ) 1, 2, .... The coarse-
grained or state variables are chosen in exactly the same

way as within the context of the microcanonical en-
semble. The projection is realized by the use of ap-
propriately defined phase-space functions Πk(z), which
we call the observables and whose averages yield the
values of the coarse-grained state variables. Such an
averaging requires the use of a system phase space
probability density function. In microcanonical GE-
NERIC, this is

where the occurrence of the projection functions Π(z)
inside the delta function guarantees that, in the trans-
formation from atomistic to coarse-grained quantities,
the counting of states is restricted over atomistic
configurations consistent with the values of the (mac-
roscopic) coarse-grained state variables x. Explicit
expressions for the phase-space functions Π(z) at the
hydrodynamic level related to mass, momentum, and
internal density fields are given by de Pablo and
Öttinger.5 A similar expression for the single-particle
distribution function is also provided by Öttinger16 when
projecting from the full N-particle phase space to the
level of atomistic, single-particle distribution functions
in his GENERIC projection-operator derivation of
Boltzmann’s kinetic equation. Similar expressions will
be reported in section 5 of this paper where coarse-
grained variables, such as the conformation tensors and
the stretching ratio of a polymer chain, will be defined
in terms of atomistic coordinates.

In canonical GENERIC, the appropriate probability
density function is defined by resorting to the corre-
sponding two-generator GENERIC formalism for quan-
tum systems.6 Then, one finds that

where the normalization constant Z(λ) defines the
generalized canonical partition function of the system:

The subscript λ in F[λ] is used to emphasize that, in the
extended canonical ensemble, not the state variables xk,
k ) 1, 2, ..., but rather their corresponding conjugate
variables λk, k ) 1, 2, ..., are considered to be the
primary variables. These variables arise naturally as
Lagrange multipliers associated with the constraint
that the mean or average values of the observables
should coincide with the values of the macroscopically
measured state variables,

The latter are obtained as ensemble averages over the
configurations accumulated in the course of an atomistic
simulation. This establishes a one-to-one correspon-
dence between the nonequilibrium (hydrodynamic and
structural) state variables xk, k ) 1, 2, ..., and their
corresponding Lagrange multipliers or conjugate vari-
ables λk, k ) 1, 2, ...:

x ) [F(r), u(r), ε(r), X(r)] ) {xk}, k ) 1, 2, . . . (4)

E(x) ) ∫[ u2

2F(r)
+ ε(r)] dr (5)

S(x) ) ∫s(F(r), ε(r), X(r)) dr (6)

F̃x(z) ) exp(-
S(x)
kB

) δ(Π(z) - x) (7)

F[λ](z) )
1

Z(λ)
exp(- ∑

k

λkΠk(z)) (8)

Z(λ) ) ∫exp(- ∑
k

λkΠk(z)) dz (9)

xk ) ∫F[λ](z)Πk(z) dz (10)

λk T xk, k ) 1, 2, ... (11)
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Clearly, if the Lagrange multiplier of a state variable
is assumed to be identically zero, then this Lagrange
multiplier does not appear among the arguments of Z.
The same holds also for the arguments of the probability
density function F[λ](z).

With the use of the phase-space probability density
function F[λ](z), the system total energy E ) E(x) and
total entropy S ) S(x) are given by the ensemble
averages of their corresponding density functions:

where E0(z) denotes the microscopic Hamiltonian, and

respectively. In eq 13 and in the subsequent, by λk, k )
1, 2, ..., we will always mean the Lagrange multiplier
corresponding to the state variable xk, k ) 1, 2, ....
Equation 13 is very important because it shows how one
can attribute a strict thermodynamic meaning to the
Lagrange multipliers λk, k ) 1, 2, ...: By taking the
Volterra derivatives of the entropy functional S with
respect to the corresponding state variables xk, k ) 1,
2, ..., it is found that

i.e., each kBλk, k ) 1, 2, ..., is equal to the partial
derivative of the entropy S with respect to the corre-
sponding state variable xk, k ) 1, 2, ....

The proper choice of the state variables, the definition
of their conjugate fields through eq 14, and the defini-
tion of the probability density function of eq 8 are the
essential ingredients of the new theory which will be
used in the next sections to design a MC approach to
map out the free energy of the nonequilibrium system,
for set values of the field variables. We will term the
new method GENERIC MC, since it is founded on the
nonequilibrium thermodynamics framework of GE-
NERIC. This ensures that the atomistic system is
excited not arbitrarily but in a physically meaningful
manner, i.e., in harmony with a thermodynamically
admissible macroscopic model. It further allows extract-
ing the two thermodynamic functions, the system
energy E and entropy S, without explicitly considering
the flow field in the simulation, that is, without ad-
dressing the full dynamical problem. As will be seen in
the next sections, this is achieved by taking advantage
of the role of symmetries of the underlying atomistic
system on the structure of the density matrix of canoni-
cal GENERIC, which restricts the dependence of the
probability density function on the momentum density
variable. In particular, we will exploit the consequences
of Galilean invariance and its relation to the local
equilibrium assumption (see eq 27) to illustrate why we
can ignore the flow field in the GENERIC MC simula-
tion. Then, however, the question will remain how to
connect certain field variables to the velocity gradient
tensor in actual flow calculations used to bring the
system away from equilibrium. We will address this
issue in section 4 by investigating the form to which
the GENERIC equation reduces for steady-state, ho-
mogeneous flows. There, it will be shown (see eq 37) that

the Lagrange multiplier of the coarse-grained variable
describing the internal conformation of the complex
system in an overall sense is intimately related to the
underlying velocity gradient tensor, which itself is not
explicitly considered in the atomistic GENERIC MC
simulation.

To complete the discussion on canonical GENERIC,
we should also specify the two remaining building
blocks, the matrices L and M, appearing in eq 1, in
terms of the probability density function F[λ]. By follow-
ing the projection operator techniques oulined in refs 4
and 6, one finds that

and

where {Π,E0} denotes the Poisson bracket satisfying

in the atomistic system. In eq 16, τ is the time scale
over which fast degrees of freedom have been equili-
brated but slow degrees of freedom still evolve. Also,
Q(x) is an operator whose action on a functional A is
given by

The first two terms on the right of eq 18 are similar to
those arising also in microcanonical GENERIC. The
third term takes into account second-order effects due
to fluctuations in the values of variables of the vector x
for fixed values of their conjugate fields.

Equations 8-18 define GENERIC in a generalized
canonical ensemble, with the four building blocks E, S,
L, and M conveying all the information necessary to
fully describe the evolution of the nonequilibrium
system.

3.1. A System at Equilibrium. For a system at
equilibrium, all we need to know in order to describe
the system is its free energy. In terms of GENERIC,
what we assume is that, for such a system, there exists
no dependence of the entropy density s on any structural
state variable, i.e.,

which allows defining the Lagrange multipliers by the
known equations of equilibrium thermodynamics:

E(x) ) 〈E0〉 ) ∫F[λ](z) E0(z) dz (12)

S(x) ) -kB∫F[λ](z) ln(F[λ](z)) dz )

kB(ln Z(λ) + ∑
k

λkxk) (13)

δS(x)
δxk

) kBλk (14)

Ljk ) 〈{Πj,Πk}〉[λ] ) ∫F[λ](z)(∂Πj(z)
∂z

‚L0‚
∂Πk(z)

∂z ) dz

(15)

Mjk ) 1
kB
∫0

τ
〈{Πj,E0}Q(x)eiL0Q(x)t Q(x){Πk,E0}〉[λ] dt

(16)

{Π,E0} ) x̆0(z) (17)

Q(x)A ) A - 〈A〉[λ] +

1

kB
∑
j,k

δ2S(x)

δxj δxk

[Πj - xj]〈[Πk - xk]A〉[λ] (18)

S(x) ) ∫s(F(r),ε(r)) dr (19)

1
T

)
∂s(F,ε)

∂ε
(20)
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and

respectively. That is, the partial derivative of the
entropy density s with respect to energy density ε
defines the absolute temperature T of the system,
whereas the partial derivative of s with respect to mass
density F defines the chemical potential µ of the system.
The latter is intimately related to the pressure P of the
equilibrium system by the known formulas of equilib-
rium thermodynamics.

In a simulation, usually, the total number of atoms
remains constant, and the density of the system is
controlled by variations in volume V. In this case, eq 8
for the probability density function boils down to the
corresponding canonical probability density function of
equilibrium thermodynamics. The relevant thermody-
namic free energy function is then the potential G/Nch
defined as

where Nch is the number of chains in the system. This
function defines the Legendre transform of the entropy
with respect to energy and volume; therefore, it is the
Gibbs free energy of equilibrium thermodynamics,
exactly as required by the canonical ensemble. In the
thermodynamic limit, therefore,

where Z(T,P,Nch) symbolizes the partition function of
the system.

3.2. A System Away from Equilibrium. For a
system away from equilibrium, what we would ideally
like to know is the time evolution of all relevant system
state variables. In terms of GENERIC, this is tanta-
mount to knowing all four building blocks E, S, L, and
M. Obtaining all of them in terms of atomistic quantities
for any system is clearly too difficult. We are still far
away from calculating all four functions directly from
first principles. As a first step toward this direction,
however, the present paper discusses two important
advances: (a) how one can extract the first two of these
four building blocks, the generators E and S, directly
from first principles, without violating the laws of
nonequilibrium thermodynamics, and (b) how one can
get the stress tensor of the nonequilibrium system. How
to obtain, also from first principles, the matrices L and
M to complete the description of the nonequilibrium
system, will be the subject of future efforts, and here
we will only outline the first ideas behind these new
works.

As mentioned in the previous paragraphs, for the
proper description of the nonequilibrium system, new
structural state variables are considered (in addition to
the traditional ones of equilibrium thermodynamics)
during the projection of atomistic to coarse-grained state
variables. Through these, canonical GENERIC provides
the framework for calculating the dependence of the
system entropy or free energy (i.e., its elasticity) on the
structural parameters. The starting point is eq 8, which
allows considering as independent variables the set λ

of the conjugate variables or Lagrange multipliers.
Then, the methodology for calculating the elasticity of
the polymer melt goes as follows: (i) Choose the state
variables and express them in terms of atomistic
coordinates. This is equivalent to mathematically defin-
ing the projection functions Πk(z). (ii) For each state
variable, introduce the appropriate Lagrange multiplier
(or conjugate variable). The values of the set λ of the
Lagrange multipliers are the input data to the simula-
tion. (iii) Attribute a physical meaning to the Lagrange
multipliers or assign a kinematic interpretation to them,
by investigating the GENERIC equation for steady-
state, homogeneous flows. (iv) For the given set of
Lagrange multipliers, perform detailed MC simulations
to sample the phase space of atomistic coordinates under
the macroscopic restrictions imposed by the Lagrange
multipliers. (v) Calculate the values of the state vari-
ables as ensemble averages over the set of atomistic
configurations sampled during the MC run. (vi) Calcu-
late the entropy of the system by thermodynamic
integration, using eq 14.

Using eq 14 to obtain the entropy of deformation of
the system presents some mathematical difficulties,
because the arguments that should be kept constant
during the partial differentiation are the values of the
rest of the state variables, except those whose Lagrange
multipliers are used as input in the simulation. These,
however, are not fixed during the simulation; they
fluctuate continuously and can only be calculated at the
very end of the simulation as proper configurational
averages in the generalized canonical ensemble. The
difficulty is overcome by considering not the entropy S
as the proper thermodynamic potential in the simula-
tion but the potential (or Massieu function) Φ, defined
through

Equations 24 and 13 demonstrate that Φ satisfies the
following fundamental relationship:

i.e., it is the generalized thermodynamic function gener-
ated by the partition function Z in the phase space of
the Lagrange multipliers. From the thermodynamics
point of view, eq 24 defines Φ as the Legendre transform
of the entropy S with respect to variables xk, k ) 1, 2,
.... According to the properties of the Legendre trans-
form, the Lagrange multipliers satisfy also the equation
conjugate to eq 14:

Through this equation, the partial derivative with
respect to a particular Lagrange multiplier λk, k ) 1, 2,
..., can be calculated keeping constant the values of the
rest of the Lagrange multiplier, which is very conve-
nient, because it is the values of these multipliers (and
not of the state variables) that are held fixed during the
simulation. Thus, eq 26 allows us to calculate the
entropy of the nonequilibrium system by employing the
technique of thermodynamic integration: First, the
value of the function Φ is calculated through the

- µ
T

)
∂s(F,ε)

∂F
(21)

-
1

T

G(λ)

Nch

≡ s(x) - ∑
k

λkxk (22)

G(T,P,Nch) ) -kBT ln Z(T,P,Nch) (23)

Φ(λ) ≡ S(x) - ∑
k

λkxk (24)

Φ(λ) ) kB ln Z(λ) (25)

-
δΦ(λ)

δλk
) kBxk, k ) 1, 2, ... (26)
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integral over the values of the state variable xk, k ) 1,
2, ..., accumulated at progressively larger values of the
imposed Lagrange multiplier λk, k ) 1, 2, .... Then, the
entropy of the system in the nonequilibrium state
relative to its value in the field-free, equilibrium state
is readily obtained by using eq 24 (see also sections 4
and 5).

The entire methodology is facilitated from the fact
that the entropy of the system has been assumed not
to depend on the momentum density state variable (see
eq 6). That is, the Lagrange multiplier of the momentum
density variable has been assumed to be identically zero.
Such a relation, i.e., that

has been discussed recently by Öttinger17 on the basis
of the Galilean invariance of the transformation from
the atomistic to the coarse-grained level. Öttinger
showed how to construct a generalized canonical en-
semble possessing the proper symmetries, even for
representations of the symmetry groups on the level of
the coarse-grained state space which are nonlinear or
which are not induced by atomistic symmetry transfor-
mations. For example, if one works with the mass,
momentum, and internal energy densities as the proper
state variables, the corresponding canonical ensemble
cannot be normalized or symmetrized with respect to
Galilean transformations; the problem is alleviated if
the internal energy density is replaced by the total
energy density. For this ensemble, Galilean invariance
results into an expression for the entropy of the system
which is a functional of the density and energy density
but not of the momentum density.

The incorporation of Galilean invariance and its
relation to the local equilibrium assumption is of
fundamental importance in the present work, because
it allows us to sample in the generalized canonical
ensemble through the MC simulation by ignoring the
flow field imposed externally. In such a case, however,
the methodology does not provide any direct information
about the connection of the Lagrange multipliers (or
conjugate variables) to the system hydrodynamic vari-
ables. This is alleviated by examining the form to which
GENERIC reduces under steady-state conditions. To
identically satisfy the equation, one sees then that a
relationship arises connecting the Lagrange multiplier
for the structural variable to the velocity gradient
tensor. This relation between Lagrange multipliers and
velocity gradients depends on the macroscopic model
underlying the mapping from the atomistic to the
coarse-grained level. Thus, different forms of the
Lagrange multipliers will be found for different types
of flows; further, these forms will differ for different
macroscopic models employed to excite the atomistic
system.18 Specific examples demonstrating these fea-
tures of the new method are discussed in detail in the
next section.

In general, it has to be realized that designing an
atomistic MC methodology to simulate a system away
from equilibrium requires that we resort to a nonequi-
librium thermodynamics framework. This guarantees
that the system is excited (a) in a physically meaningful
way and (b) in harmony with a thermodynamically
admissible model. Only then can one ascribe a correct

kinematic interpretation to the parameters of the MC
simulation and extract useful information for the re-
sponse of the system structure to the flow-field. The next
section presents the methodology for assigning a kine-
matic interpretation to the Lagrange multipliers of the
structural variables by discussing the reduction of the
GENERIC equation for homogeneous, time-independent
flows.

4. Reduction of GENERIC for Homogeneous,
Time-Independent Flows

For homogeneous, time-independent flows, the fol-
lowing assumptions apply: (i) no explicit dependence
of the entropy density s on spatial location r; (ii) no
explicit dependence of the entropy density s on the
momentum density field u (as mentioned above, this is
not an assumption; it is a direct consequence of the
requirement of Galilean invariance for the transforma-
tion from the space of atomistic to the space of the
coarse-grained state variables); (iii) a direct dependence
of the entropy density s on density F, local energy
density ε, and the properly chosen coarse-grained state
variables X. With these assumptions, the evolution
equations for the structural state variables can be
analyzed in detail. First, it is observed that, under the
above conditions, all Volterra derivatives δS/δxk boil
down to partial derivatives of the entropy density s with
respect to the corresponding state variable xk:

The partial derivatives appearing on the right of eq 28
define the conjugate variables or Lagrange multipliers.
So, at steady state, the GENERIC equation for the set
of the structural state variables reads

Equation 29 is very important because, in principle, it
can be solved for the Lagrange multipliers λ. Usually,
the positive-semidefinite, symmetric matrix M has a
diagonally dominant structure with positive-definite
blocks along the diagonal for each one of the state
variables considered. Usually, these blocks are invert-
ible, which allows us to solve eq 28 for λ:

To see the applicability of eq 30, we recall that, for
the majority of models considered for flowing polymer
systems, the matrix L has the following form:2

where all L12, L21, L22, L23, L24, L32, and L42 depend on
the momentum density and the structural state vari-

[δS(F,ε,u)
δu ]F,ε

) 0 (27)

δS(x)
δxk(r)

) [∂s(x)
∂xk ]xk)xk(r)

(28)

0 ) L(x) · δE
δx

+ M(x)·kBλ (29)

λ ) - 1
kB

M-1‚L ‚ δE
δx

(30)

L ) -(0 L12 0 0
L21 L22 L23 L24

0 L32 0 0
0 L42 0 0

) (31)
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ables. For example, for all single-conformation tensor
models,2

where P denotes the isotropic pressure and I the unit
tensor; also, the Einstein summation convention has
been introduced in this and subsequent expressions. For
these models, the M matrix has a symmetric blocklike
form, as the one below corresponding to the upper-
convected Maxwell model:

only the diagonal M44 block element of which expresses
structural dissipative (relaxation) effects (with the rest
of terms not shown in eq 33 accounting for the common
bulk viscous solvent and heat conduction effects). Usu-
ally, the dissipative M44 term has the form

where the fourth-rank tensor Λ depends on the rheo-
logical model employed. With such a form for the matrix
M, in the matrix inversion equation, eq 30, only the M44
term of M contributes, coupled only with the L42 element
of the Poisson matrix L:

On the other hand,

Consequently, the matrix M-1‚L couples only with the
second element of the vector δE/δx, which is exactly the
momentum density field u, which was not considered
as an argument in the definition of the entropy density
function s in eq 6 above. Therefore, the field variable

conjugate to the coarse-grained structural parameter X
is given by

Equation 37 presents the reduced form of canonical
GENERIC for the structural state variable under condi-
tions of homogeneous, steady-state flows. It is the most
important equation of the present work because it helps
assign the correct kinematic interpretation to the
Lagrange multiplier of the coarse-grained state variable
that was lost when we used the properties of the
Galilean transformation to get rid of the momentum
density field in the analysis. It also allows us to
recognize that, depending on the model used, certain
model parameters, which were used in the specification
of the dissipative matrix M of the model, may enter into
the analysis. A typical example is the parameter â of
the Giesekus viscoelastic model; as will be shown in the
next section, this enters directly into eq 37.

In fact, the matrix element M44 is in most cases
inversely proportional to a system characteristic relax-
ation time λH. Equation 37, therefore, gives the Lagrange
multiplier λX of the structural parameter X the meaning
of a dimensionless strain-rate tensor. And this is the
novel feature of the methodology, which emerges as an
excellent complementary approach to the NEMD method
for the simulation of nonequilibrium systems. For
polymer melts, in particular, the new method, equipped
with a set of novel MC moves7,19 for the robust sampling
of configuration space, for the first time opens up the
way toward the direct atomistic simulation of their
viscoelasticity and its dependence on chemical archi-
tecture (linear vs branched chains, unentangled vs
entangled systems). However, one should mention that,
in contrast to NEMD where a unique result is obtained
for the relationship between polymer elasticity and
strain-rate tensor, the corresponding relationship ob-
tained by GENERIC MC is not unique and depends on
the macroscopic model used as the guide in the design
of the simulation. In this respect, NEMD may be useful
to select the appropriate model. On the other hand,
GENERIC MC does also rule out models based on the
comparison between the stress-conformation tensor
relationship obtained by the atomistic simulation and
the one assumed by the macroscopic model. But if the
comparison is to be made at the level of the rate-of-
strain tensor, one should also extract the value of the
characteristic relaxation time of the system, λH. This
can be obtained only by direct molecular dynamics (MD)
simulations through a normal model analysis. Alterna-
tively, one can resort to a molecular theory, such as the
Rouse or the reptation theory. Such a hierarchical
modeling scheme was recently proposed by Harmanda-
ris et al.20,21 which extracts the spectrum of relaxation
times for unentangled polymers, by executing MD
simulations either on equilibrium or on oriented melts
and mapping the system dynamics onto the Rouse
model. In a more recent study,22 the methodology has
been extended to entangled PE melts.

Concrete kinematic expressions for the Lagrange
multipliers of the various structural variables consid-
ered in the most widely used macroscopic models of
polymer dynamics are presented in full detail in the
next section. The section discusses also applications of
the new theory to polymer systems which are macro-
scopically described by three different viscoelastic mod-

L12 ) ∇εF

L21 ) F∇R

L22 ) ∇εuR + uε∇R

L23 ) ∇RP + ε∇R + 2T∇âcγâ
∂s
cRγ

L24 ) -(∇Rcηú) - ∇âcâηIRú - ∇âcâúIRη

L32 ) P∇ε + ∇εε + 2Tcγâ
∂s
cγε

∇â

L42 ) (∇εcRâ) - cRγ∇γIâε - câγ∇γIRε (32)

M ) (- - - 0
- - - 0
- - - 0
0 0 0 M44

) (33)

M44 ) TΛRâηú (34)

M-1‚L ) (- - - -
- - - -
- - - -
0 -M44

-1L42 0 0
) (35)

δE
δx

) (-1/2uRuR
uε

1
0

) (36)

λX ) 1
kB

M44
-1L42u (37)
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els: the single- and the multiple-conformation tensor
models for unentangled polymers and the pompon model
for long-chain branched (LCB) polymers.

5. Applications to Modeling the Elasticity of
Polymer Melts

For all models considered in the following, the hy-
drodynamic state variables will always include: the
mass density F(r), the momentum density u(r), and the
energy density ε(r). The mass density F can be used
interchangeably with the system volume V,

where Nch is the number of chains in volume V, M is
their number-average molecular weight, and NA denotes
Avogadro’s number.

The corresponding Lagrange multipliers or conjugate
variables are equal to the scalar b (the generalized
pressure) for the mass density, the zero vector 0 for the
momentum density, and 1/T for the internal energy
density, defined by the following equations:

Where the various macroscopic models differ from
each other is in the choice of the structural state
variables. This is discussed in the next subsections.

5.1. A Single-Conformation Tensor Viscoelastic
Model. For the single-conformation tensor models, such
as the upper-convected Maxwell, the FENE-P, and the
Giesekus models, the only structural state variable used
is the conformation tensor c. This is most naturally
introduced as the reduced second moment tensor of the
chain end-to-end vector, averaged over all chains in the
system:

In eq 41, R stands for the end-to-end vector of a
macromolecule and 〈R2〉0 is the mean-squared magni-
tude of that vector in the unperturbed state. The outer
average is taken over all chains in the system under
study. In a quiescent (undeformed) equilibrium poly-
ethylene melt, chain conformational statistics is isotro-
pic; then, c reduces to the unit tensor I. When the melt
is subjected to deformation over time scales shorter than
or comparable to the longest relaxation time of the
chains, however, the chains will be oriented and c will
depart from its equilibrium isotropic value. In such a
case, the six independent components of c provide a
measure of the extension and orientation of the chains
along the three axes of the coordinate system.

The Lagrange multiplier of the conformation tensor
is a tensorial quantity, the “orienting field” r, defined
as

Clearly, both tensors c and r are symmetric.

For the single-conformation tensor models, therefore,
the vectors of state and conjugate variables read

and

A Legendre transformation of the entropy density
function s ) s(V/Nch,ε,c) with respect to all variables
V/Nch, ε, and c defines a new thermodynamic function,
the potential

that is

or, equivalently,

where

has the meaning of a Helmholtz free energy function,
and

the meaning of a generalized Gibbs free energy function,
with kBTr:c accounting for the energy due to field r
(field energy). Furthermore, from the properties of the
Legendre transformation

If the relationship between c and r is known, then,
according to eq 50, the thermodynamic potential G of
eq 49 relative to the equilibrium field-free state can be
obtained by thermodynamic integration:

The Helmholtz free energy can also be obtained from
eq 49 as

with F ) F(T,b,r), F0 ) F(T,b,0), and c ) c(T,b,r).

V
Nch

) 1
F

M
NA

(38)

b
kBT

) 1
kB[∂s(F,ε,c)

∂(V/Nch)]ε,c
) F2

kB[∂s(F,ε,c)
∂F ]

ε,c

NA

M
(39)

1
kBT

) 1
kB

[∂s(F,ε,c)
∂ε ]F,c

(40)

c ) 3〈 RR
〈R2〉0

〉 (41)

r ) - 1
kB

[∂s(F,ε,c)
∂c ]F,ε

(42)

x ) [ V
Nch

, u, ε, c] (43)

λ ) [ b
kBT

, 0, 1
kBT

, -r] (44)

Φ ) Φ(b,T,r) ) 1
T(sT - b V

Nch
- ε + kBTr:c) (45)

Φ(b,T,r) ) - 1
T( A

Nch
+ b

F
M
NA

- kBTr:c) (46)

Φ(b,T,r) ) - 1
T

G
Nch

(b,T,r) (47)

A
Nch

) -sT + ε (48)

G(b,T,r)
Nch

) A
Nch

+ b
F

M
NA

- kBTr:c (49)

c ) - 1
kBT[ ∂

∂r
G

Nch
(b,T,r)]T,b

(50)

G

Nch

-
G0

Nch

≡ G

Nch

(b,T,r) -
G

Nch

(b,T,0) )

-kBT[∑
γ
∑

δ
∫0

RγδcγδdRγδ]T,b (51)

A
Nch

-
A0

Nch
≡ A

Nch
(T,F,c) - A

Nch
(T,F,I) ) G

Nch
-

G0

Nch
-

b M
NA

(1F - 1
F0

) + kBTr:c (52)
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The probability density function in this {Nch, b, T, R}-
generalized statistical ensemble is

where Nch is the number of chains of length N in volume
V, n () Nch × N) denotes the total number of mers in
the same volume, and ci denotes the instantaneous
value of the conformation tensor of the ith chain. Given
the relationship between the canonical partition func-
tion and the Helmholtz free energy, one then can readily
show that in the thermodynamic limit

where Z(b,T,r) denotes the partition function, that is,
the normalization constant of the probability density
function of eq 53.

The stress tensor τ in the system is determined by
using that r should be such that the gradient of the
entropy lies in the null space of L. If the form of eq 32
is chosen for L, then one finds that

The analysis is completed by specifying the kinematic
character of the conjugate variables b and r. The scalar
b has the meaning of a generalized pressure, although
in general, -3b cannot be equated to the stress tensor,
as clearly seen from eq 55. Only at equilibrium can b
be identified with the pressure of the system. For a
consistent methodology on how to connect b to the
isotropic pressure of the system, see relevant discussion
following eq 95 in section 6. The kinematic nature of
the orienting field r is more difficult to ascribe, because,
as was discussed in the previous section, it depends on
the viscoelastic model assumed. For the upper-con-
vected-Maxwell (UCM) and FENE-P models, upon
substituting

for the relaxation matrix Λ into eq 37, we obtain that

where γ3 is the rate of strain tensor:

Therefore, the kinematic interpretation of the Lagrange
multiplier r for the UCM model is that of a dimension-
less velocity gradient tensor; that is, the elements of r
are indicative of the Deborah number of the applied flow
field.

For the Giesekus model, on the other hand, upon
substituting

for the relaxation matrix Λ into eq 37, we obtain that

where â is the Giesekus model parameter. The kine-
matic interpretation of the Lagrange multiplier r for
the Giesekus model, therefore, is not that of a dimen-
sionless velocity gradient tensor, but of a corrected
dimensionless velocity gradient tensor, the correction
accounting for the effect of the anisotropic polymer melt
conformation on friction coefficient due to orientation
of the constituent chains.

The derivation of eqs 57 and 60 through the kinematic
equation (37) presents some mathematical difficulties
because of the presence of the component M44

-1 which
requires calculating the inverse M-1 of the matrix M.
Alternatively, these relations can be derived by starting
with the GENERIC time evolution for the coarse-
grained variable c itself. For all conformation tensor
models considered in this work, this reads as follows:
1,2,15

where ΛRâγε is given by eq 56 for the UCM model and
by eq 59 for the Giesekus model. By identifying the
partial derivative ∂s/∂cγε with the component -kBRγε of
the corresponding Lagrange multiplier, one verifies
easily that for a steady-state flow, the only form of r
that satisfies the GENERIC equation identically is eq
57 for the UCM model and eq 60 for the Giesekus model.

5.2. A Multiple-Conformation Tensor Viscoelas-
tic Model. Higher-mode conformation tensor models
constitute a generalization of the single-mode conforma-
tion tensor models discussed in the previous subsection.
A typical example of this category of models is the Rouse
or bead-spring chain model. In general, from an N-mer
chain, N(N - 1)/2 different conformation tensors cij, i,
j ) 1, 2, ..., N - 1, can be constructed, each one identified
as a properly dimensionalized average dyadic 〈QiQj〉.
Here, Qi denotes the connector vector between mers i
+ 1 and i along the chain,

with ri, i ) 1, 2, ..., N, symbolizing the position vector
of the ith mer.

From the point of view of applications, the analysis
is greatly facilitated if one makes use of only the N - 1
diagonal conformation tensors cp, p ) 1, 2, ..., N - 1,
constructed from the corresponding normal coordinates
Xp, p ) 1, 2, ..., N - 1, through

F[Nch,b,T,r](V,r1,r2,...,rn) ∝

exp[-
1

kBT
(ε(r1,r2,...,rn) + bV - kBT∑

i)1

Nch

r:ci)] (53)

Φ(b,T,r) ) kB ln Z(b,T,r) (54)

τ ) -bI - 2
NA

M
FTc · [∂s(F,ε,c)

∂c ]F,ε
)

-bI + 2
NA

M
FkBT(c‚r) (55)

ΛRâγε ) 1
2FλHK

[cRγIâε + cRεIâγ + câεIRγ + câγIRε] (56)

r ) 1
2

λHγ3 (57)

γ3 ≡ 1
2
[(∇v) + (∇v)T] (58)

ΛRâγε ) 1
2FλHK[(1 - â)(cRγIâε + cRεIâγ + câεIRγ +

câγIRε) + 2âK
kBT

(cRγcâε + cRεcâγ)] (59)

r ) 1
2

λH[I + â(c - I)]-1‚γ3 (60)

∂cRâ

∂t
) -uγ∇γcRâ + cγR∇γuâ + cγâ∇γuR + TΛRâγε

∂s
∂cγε

(61)

Qi ≡ ri+ 1 - ri i ) 1, 2, ..., N - 1 (62)

cp ) 3〈 XpXp

〈Xp
2〉0

〉 (63)
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where

〈Xp
2〉0 in the above is the mean-squared magnitude of

Xp in the unperturbed state and Ω the orthogonal
matrix given by

with j ) 1, 2, ..., N - 1 and p ) 1, 2, ..., N - 1.
To each one of the conformation tensors cp, a Lagrange

multiplier rp is assigned according to

For the multiple-conformation tensor models, there-
fore, the vectors of state and conjugate variables read

and

By performing a Legendre transformation of the
entropy density function s with respect to all variables
that s depends on, as was done in the previous subsec-
tion for the single conformation tensor viscoelastic
model, one can show that the relevant thermodynamic
potential is

where

is the corresponding generalized Gibbs free energy
function, with kBT∑p)1

N-1rp: cp accounting for the energy
due to fields rp, p ) 1, 2, ..., N - 1 (field energy). The
probability density function in this {Nch, b, T, r1, r2, ...,
rN-1} generalized statistical ensemble is

where cp
i denotes the pth mode conformation tensor of

the ith chain.

The stress tensor τ in the system is defined by using
that τ should be such that the gradient of the entropy
lies in the null space of L:

To ascribe a kinematic interpretation to the Lagrange
multipliers, use is made of the fact that, similar to the
single conformation tensor model, each one of the rp, p
) 1, 2, ..., N - 1, contributes to the matrix M a block
diagonal element of the form of eq 33, with a charac-
teristic time not λH but λp. Because of the use of the
normal coordinates in constructing the state variables
cp, p ) 1, 2, ..., in eq 63, the conformation tensors cp, p
) 1, 2, ..., contribute independently to the dissipation
matrix. Each such contribution is defined in terms of a
characteristic time given by the spectrum of relaxation
times of the macroscopic Rouse model,

which for large chain lengths N can also be written as

where λ1 is the longest characteristic time. Then, it is
found that each one of the Lagrange multipliers is
ascribed to the following kinematics:

which for large N can also be written as

Equations 75 and 76 show that the Lagrange multi-
pliers rp, p ) 1, 2, ..., N - 1, employed to excite the
atomistic system according to a higher-mode conforma-
tion tensor viscoelastic model should not be assigned
arbitrarily; instead, their values should be chosen in
accord with the spectrum of characteristic times of the
macroscopic Rouse model. This is one of the most
significant insights of the present work, because it
demonstrates the power of the methodology. If a MC
algorithm was to be designed to model the elasticity of
an unentangled polymer melt through a multiple con-
formation tensor approach, then, perhaps, different
Lagrange multipliers would have been chosen to drive
each one of the conformation tensors employed in the
coarse-graining procedure away from equilibrium. Guided
by the canonical GENERIC formalism, however, the
present analysis suggests that all these Lagrange
multipliers must not be assigned independently, let
alone arbitrarily: they should be consistent with for-
mulas 73 and 75. From the physical point of view, the
requirement that the fields rp should follow eq 75

Xp ) ∑
j)1

N-1

ΩjpQj (64)

Ωjp ) x2
N

sin(jpπ
N ) (65)

rp ) - 1
kB

[∂s(F,ε,c1,c2,...,cN-1)
∂cp

]
F,ε

(66)

x ) [ V
Nch

, u,ε,c1,c2,...,cN-1] (67)

λ ) [ b
kBT

, 0, 1
kBT

, -r1, -r2, ..., -rN-1] (68)

Φ(b,T,r1,r2,...,rN-1) ) -1
T

G
Nch

(b,T,r1,r2,...,rN-1)

(69)

G(b,T,r1,r2,...,rN-1)

Nch

)
A

Nch

+
b

F

M

NA

- kBT∑
p)1

N-1

rp:cp

(70)

F[Nch, b, T, r1, r2, ..., rN-1](V, r1, r2, ..., rn) ∝

exp[-
1

kBT
(ε(r1, r2, ..., rn) + bV - kBT∑

i)1

Nch

∑
p)1

N-1

rp:cp
i ) ]

(71)

τ ) -bI - 2
NA

M
FT∑

p)1

N-1

cp‚[∂s(F,ε,c1,c2,...,cN-1)

∂cp
]

F,ε

)

-bI + 2
NA

M
FkBT(∑

p)1

N-1

cp‚rp) (72)

λp ) ú/2H

4 sin2(pπ
2N)

)
λH

2 sin2(pπ
2N)

(73)

λp ≈ λ1/p
2 (74)

rp ) 1
2

λpγ3 (75)

rp ≈ r1

p2
(76)
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reflects the fact that, for a given flow field, segments
corresponding to smaller length scales along the chain
deform less than segments corresponding to larger
length scales.

Since the function Φ of eq 69 is the Legendre
transformation of the entropy density function s, eq 66
leads directly to the following relationship:

These N - 1 independent equtions can be used to
calculate the thermodynamic potential G of eq 70
relative to the equilibrium field free state through an
equation completely analogous to eq 51 for the case of
a single-conformation tensor:

The Helmholtz free energy can also be obtained from
eq 70 as

with F ) F(T,b,r), F0 ) F(T,b,0), and cp ) cp(T,b,rp), p
) 1, 2, ..., N - 1.

5.3. The Pompon Model for Long Chain Branched
PE Melts. Guided by the tube model, McLeish and
Larson13 proposed the pom-pom model for multiply
branched polymers, where the backbone of the mol-
ecules can reptate in the tubes formed by other back-
bones after sidearms have relaxed by deep retractions
or breathing modes. More recently, the pom-pom model
has been reformulated within the context of GENERIC,
the modified model known as the pompon model.14 The
pompon model is built on two structural parameters:
The first is the conformation tensor A defined by
following the contour length of the backbone tube, and
the second is a scalar quantity Λ describing the length
of the tube divided by the backbone tube length at
equilibrium. If q is the nunber of sidearms, then for Λ
e q, the variable Λ is equal to the dimensionless stretch
factor of the pom-pom model, whereas for Λ > q, the
variable Λ is equal to λ + sc/sb, where sc/sb is the ratio
of the molecular weights per arm in the tube (at either
tube end) and in the backbone. In the latter case, Λ
accounts not only for the stretch factor of the backbone
tube but also for the portion of the tube into which the
pompon arms have been dragged. The conformation
tensor A is used to define the tube orientation tensor S
) A/trA.

Assuming independent relaxation mechanisms for
orientation and stretching, the relaxational contribu-
tions of the two structural variables are described by

the following form of the matrix M:

where the fourth-rank tensor MA is positive-semidefinite
and symmetric (in pairs of indices) and the scalar
quantity MΛ nonnegative. Öttinger14 found that if the
matrix MA is constructed as a bilinear contribution of
the tensors A and (trA)I, with I denoting the unit tensor,
i.e., if

with a1, a2, and a3 being numerical constants and τb the
characteristic time for the relaxation of the tube back-
bone, one obtains a closed time evolution equation
directly for the orientation tensor S. In this case, the
tube orientation order parameter S itself and not A can
be used as the proper structural variable; this choice is
made here.

To excite long-chain branched polymer molecules
according to the present GENERIC MC methodology,
two Lagrange multipiers should be assigned to the two
structural variables S and Λ:

and

For the pompon model, therefore, of highly branched
polymer melts, the vectors of the state and conjugate
variables read

and

The probability density function in this {Nch, b, T, r,
a} generalized statistical ensemble is

where Si and Λi denote the instantaneous orientation
tensor and stretch ratio, respectively, of the ith chain.

The stress tensor τ in the system is defined by using
that τ should be such that the gradient of the entropy

cp ) - 1
kBT[ ∂

∂rp

G
Nch

(b,T,rp)]T,b
, p ) 1, 2, ..., N - 1

(77)

G

Nch

-
G0

Nch

≡ G

Nch

(b,T,r) -
G

Nch

(b,T,0) )

-kBT∑
p)1

N-1

[∑
γ
∑

δ
∫0

Rp,γδcp,γδ dRp,γδ]T,b (78)

A

Nch

-
A0

Nch

≡ A

Nch

(T,F,c) -
A

Nch

(T,F,I) )

G

Nch

-
G0

Nch

- b
M

NA
(1F -

1

F0
) + kBT∑

p)1

N-1

rp:cp (79)

M(x) ) [- - - 0 0
- - - 0 0
- - - 0 0
0 0 0 MA 0
0 0 0 0 MΛ

] (80)

(MA)ijkl ∝ 1
τb

[a1AikAjl + a2tr(A)(δikAjl + Aikδjl +

δijAkl + Aijδkl) + a3tr(A)2(δikδjl + δijδkl)] (81)

r ) - 1
kB

[∂s(F,ε,S,Λ)
∂S ]F,ε,Λ

(82)

a ) - 1
kB

[∂s(F,ε,S,Λ)
∂Λ ]F,ε,S

(83)

x ) [ V
Nch

, u, ε, S, Λ] (84)

λ ) [ b
kBT

, 0, 1
kBT

, -r, -a] (85)

F[Nch,b,T,r,a](V,r1,r2,...,rn) ∝ exp[-
1

kBT
(ε(r1,r2,...,rn) +

bV - kBT∑
i)1

Nch

r:Si - kBT∑
i)1

Nch

aΛi)] (86)
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should belong to the null space of L:

where Ze denotes the number of entanglements per
branched chain in the tube.

The analysis is completed by ascribing a kinematic
interpretation to both r and a. By choosing the matrix
M to be of the form of eq 81 with a1 ) 1 and a2 ) a3 )
0, it is found that

and

Therefore, the Lagrange multiplier r has the meaning
of a dimensionless velocity gradient tensor, while in the
scalar Lagrange multiplier a the velocity gradient tensor
is contracted with the orientation tensor.

6. A Paradigm: Modeling the Elasticity of an
Unentangled Polymer Melt

In this section, the framework developed in the
previous sections for designing thermodynamically con-
sistent atomistic MC simulation algorithms to calculate
the elasticity of polymer melts is applied to the simplest
case possible, that of a linear polyethylene (PE) melt in
the unentangled regime.

6.1. Use of a Single-Conformation Tensor Model.
It turns out that for an unentangled PE melt a simula-
tion technique very close in spirit to the framework
presented in this work has already been performed by
Mavrantzas and Theodorou,7 by employing the end-
bridging Monte Carlo technique in the presence of an
orienting tensorial field. The starting point in the
Mavrantzas and Theodorou7 approach is the postulate
that an oriented or deformed polymer melt is governed
by a Helmholtz energy function A/Nch which has a direct
dependence not only on temperature T and volume V
but also on a structural parameter. Guided by the purely
macroscopic generalized bracket formulation of trans-
port phenomena,8 this structural parameter was taken
to be the conformation tensor, defined exactly as in eq
41. Accordingly,

Having postulated eq 90, the question that Mavrant-
zas and Theodorou addressed was how to obtain A/Nch
as a function of c. To this end, they found it convenient
to work not with the variables F and c directly, but with
the variables conjugate to them, playing the role of
thermodynamic fields. The first is a scalar quantity, the

field b(MT) playing the role of a generalized pressure,
defined as

and the second is a tensorial quantity, the orienting field
r(MT), defined as

where we have used the superscript (MT) to denote
definitions according to the Mavrantzas-Theodorou
approach as opposed to the definitions of the present
work.

Mavrantzas and Theodorou7 mapped out c, A, and τ
for melts subjected to elongational flow by conducting
Monte Carlo (MC) simulations for the case of a uniaxial
extensional field of the form

only the xx component of which is nonzero. Apparently,
such a form for r generates the correct stress boundary
conditions encountered locally in the steady-state fiber
spinning process. Two linear PE melts, of mean chain
lengths C24 and C78 and polydispersity index 1.08, were
then studied first. In all simulations, efficient sampling
of oriented melt configurations was made possible
through the use of the very robust end-bridging MC
algorithm.19,23 Comparison of the melt response to that
of isolated chains subjected to the same orienting field
showed that, while at low fields the two responses are
similar, at high fields more anisotropy develops in the
melt due to favorable lateral interactions between the
oriented chains. Mavrantzas and Theodorou7 presented
also comparisons against simple models used in flow
calculations, which proved that FENE dumbbells and
freely jointed chains are more representative of the
actual melt response than Hookean dumbbells, because
they account for the finite extensibility of the polymer.
Further, by partitioning A into its energetic and entropic
components, Mavrantzas and Theodorou7 found that the
melt response is purely entropic for long chains and low
orienting fields, which leaves the intrinsic shape of
chains (averaged in the coordinate frame of their
principal axes) practically unaltered. A significant
energetic contribution develops for small chains and
high orienting fields, where the chain intrinsic shape
becomes more elongated and attractive lateral inter-
chain interactions are intensified.

To cast the work of Mavrantzas and Theodorou into
the nonequilibrium thermodynamics framework devel-
oped in the present paper, it is observed that the
Helmholtz free energy function A(F,T,c)/Nch considered
in their approach is the Legendre transform of the
entropy density s(ε,F,c) considered in the present work
as the proper generalized thermodynamic potential with

τ ) -bI - 2Ze

NA

M
FTS·[∂s(F,ε,S,Λ)

∂S ]F,ε,Λ
-

Ze

NA

M
FTSΛ[∂s(F,ε,S,Λ)

∂Λ ]F,ε,S
) -bI +

2Ze

NA

M
FkBT(S·r) + Ze

NA

M
FkBTS(Λa) (87)

r ) 1
2

τbγ3 (88)

a ∝ ∇u:S (89)

A
Nch

) A
Nch

(F,T,c) (90)

b(MT) ) - ∂

(∂V/Nch)[ A
Nch

(F,T,c)]T,c
)

F2[ ∂

∂F
A

Nch
(F,T,c)]T,c

NA

M
(91)

Rγδ
(MT) ) 1

kBT[ ∂

∂cγδ

A
Nch

(F,T,c)]T,F
(92)

r(MT) ) (Rxx 0 0
0 0 0
0 0 0 ) (93)
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respect to the energy density ε:

Consequently, the conjugate field r(MT) considered by
Mavrantzas-Theodorou is fully compatible with the
definition of the Lagrange multiplier r for a single-
conformation tensor viscoelastic model, eq 42, intro-
duced formally in the present study. However, the use
in the simulations of a field r of the form 93 gives rise
to a highly compressible flow, regarding the rate of
change of the mass density, as fluid is convected by the
flow in the fluid domain. Indeed, although a field of the
form of eq 93 does provide the correct stress conditions
locally encountered in the uniaxial fiber spinning prob-
lem, it is seen to correspond to a velocity gradient tensor
ε̆ that is not divergence free. When this field is intro-
duced in the time evolution equation for the mass
density F, aphysical fast changes of F along the x-
direction of the flow are obtained. Identifying r with
the dimensionless velocity gradient tensor in the present
work (see eq 57) implies that the true form of the field
r that corresponds to a general uniaxial elongational
flow should be the following:

In this case, b is not the isotropic pressure. For a
known value of the ambient pressure, one needs to
implement an iterative scheme in order to satisfy the
correct boundary condition for the total stress: For a
given value of the field Rxx, a value of the scalar quantity
b is assumed. Then detailed atomistic MC simulations
are executed and the conformation tensor cxx is calcu-
lated as an ensemble average over all chains in the
system and all system configurations, and eq 55 shoud
be used to check whether the total normal stress equals
the ambient pressure. If not, a new value is guessed for
b and the procedure is iterated until eq 55 is satisfied,
for the given value of the ambient (atmospheric) pres-
sure.

In the next subsection, new results are presented for
the elasticity of the C78 PE melt system originally
studied by Mavrantzas and Theodorou with the form
of r given by eq 95 and not by eq 93. Further, a four-
mode conformation tensor model is used as opposed to
a single-mode viscoelastic model. Additional results
where also the boundary condition for the stress is
satisfied for an ambient pressure exactly equal to 1 atm
will be presented in a forthcoming communication.

6.2. Use of a Multiple-Conformation Tensor
Model. In this section results are presented for the
elasticity of the C78 PE melt, first studied by Mavrantzas
and Theodorou, by making use of a higher-mode con-
formation tensor model with four conformation tensors,
cp, p ) 1, 2, 3, 4, used as independent structural state
variables. The work involves the following steps:

(i) Definition of the vector x of state variables.
According to eq 67, this includes the molecular volume
of the system V/Nch, the internal energy density ε and
the four conformation tensors c1, c2, c3, and c4, defined
according to eq 63.

(ii) Definition of the vector λ of conjugate variables.
According to eq 68, this includes the generalized pres-
sure b, the inverse of he temperature 1/T, and the four
tensorial fields r1, r2, r3, and r4. Since the system is
excited using Rouse as the thermodynamically admis-
sible macroscopic model, only the first tensor of these,
the field r1, should be specified. The components of the
rest of the orienting fields r2, r3, and r4 are specified
according to eq 76. To simulate the response of the
system to a steady-state uniaxial elongational flow, r1
is assumed to have the form of eq 98, with the values
of the component R1,xx ranging from 0.0 to 1.0.

(iii) Assignment of a physical meaning to each one of
the Lagrange multipliers. As already mentioned above,
b plays the role of a generalized pressure, T is the
temperature, and each one of the four orienting fields
r1, r2, r3, and r4 plays the role of a dimensionless rate-
of-strain tensor, exciting chain segments of length on
the order of N/p, where N is the molecular length of the
melt and p ) 1, 2, 3, 4.

(iv) Definition of the generalized canonical ensemble.
This includes the vector λ of the Lagrange multipliers.
However, all simulations were executed with the very
powerful end-bridging MC (EBMC) method, which, as
explained in detail in refs 23 and 19, induces polydis-
persity in the system. Thus, to control it, use is made
in the simulations of a set of chain relative chemical
potentials µ* for all chain species present except two
which are taken as reference species.23 The simulation
is therefore realized in an extended generalized semi-
grand-canonical ensemble, in which, in addition to the
Lagrange multipliers discussed in the present study,
also the set of the relative chemical potentials µ* are
considered as Lagrange multipliers. For the multiple-
conformation tensor model employed here, the prob-
ability density function used to sample oriented or
deformed PE melt configurations reads then as follows:

whereas Nk stands for the number of chains of k-mers
long present in the system at the given time instance,
cp

i denotes the pth mode conformarion tensor of the ith
chain, and k ) l, j denotes the two reference chemical
species with respect to which the rest of the chain
relative chemical potentials µ* are defined.

(v) Calculation of the mean values of the state
variables as ensemble averages over the set of atomistic
configurations sampled during the end-bridging GE-
NERIC MC simulations.

(vi) Calculation of the Gibbs free energy of the system
through eq 78 using the technique of thermodynamic
integration and of the Helmholtz free energy of the
system through eq 79.

All simulations were performed in a cubic box con-
taining 80 chains of mean molecular length C78 and
polydispersity index I around 1.08 and characterized by
periodic boundary conditions in all three directions.
Simulations were executed for three different R1,xx

F[Nch,n,b,T,r1,r2,...,rN-1,µ*]

(V, r1, r2,. . . , rn; connectivity) ∝

exp[-
1

kBT(ε(r1, r2, ..., rn; connectivity) + bV -

kBT∑
i)1

Nch

∑
p

rp:cp
i +

1

kBT
∑
k)1
k*l,j

n

µk
/Nk)] (96)

1
T

A(F,T,c)
Nch

) s(ε,F,c) - 1
T

ε (94)

r ) (Rxx 0 0

0 -
Rxx

2
0

0 0 -
Rxx

2
) (95)
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values: 0.10, 0.20, and 0.30, with the same molecular
model as the one employed in the previous elasticity
calculations.7,24,25 In all simulations carried out, b ) 1
atm and T ) 450 K.

The use of a Lagrange multipler r of the form of eq
95, as opposed to eq 93 used before, gives rise also to
normal stresses τyy and τzz in y and z directions,
respectively. Thus, in the presentation of the results,
the first normal stress difference ∆τ ≡ τxx - τyywill be
used as the proper independent variable.

Figure 1presents results for the dependence of the two
diagonal components c1,xx and c1,yy of the first mode
conformation tensor c1 as a function of ∆τ with the
multiple conformation tensor model employed here.
Because of the cylindrical symmetry of the applied field,
c1,yy ) c1,zz, on the average. It is seen that as ∆τ
increases, c1,xx increases monotonically and nonlinearly,
whereas c1,yy decreases, indicative of the ellipsoidal
conformation assumed by the chains due to the applied
elongational flow field. Overall, this picture is very
similar to that observed by Mavrantzas-Theodorou in
their original study of the elasticity of a polymer melt.

Collected results for the dependence of the xx and yy
diagonal components of all four mode conformation
tensors excited in the simulations of the present study
relative to their equilibrium values are shown in Table
1. It is clear in the table that for the relatively short
PE melt studied here (C78) in the regime of small
Deborah numbers (small field rp, p ) 1, 2, 3, 4, values
applied), only the first-mode conformation tensor com-
ponents deviate from their equilibrium (rp ) 0) values.
The higher-mode conformation tensors cp, p ) 2, 3, 4,
retain their isotropic spherical symmetry, indicative of
an equilibrium structure. This is an astonishing result
which proves that the C78 PE melt can be modeled by
employing only a single-conformation tensor viscoelastic
model. This finding validates the approach of Mavrant-
zas and Theodorou, who modeled the elasticity of the
C24 and C78 PE melts by neglecting contributions from
higher than p ) 1 modes. It should be expected though
that, for stronger fields rp applied and/or longer PE
melts such as the C156 and C200, the picture will change
and significant deviations should be expected also for

the components of the conformation tensors cp with p
> 1.

Figure 2 presents results for the Helmholtz free
energy of the deformed C78 PE melt relative to its
equilibrium value, ∆A/Nch, as a function of the first
normal stress difference ∆τ applied. Also shown in the
figure are the results for ∆A/Nch obtained from the two
analytical expressions generating the upper-convected
Maxwell (UCM) and the FENE-P rheological models,8,15

and

In eq 98, Lh is the maximum extension length L of the
FENE dumbbell made dimensionless with the equilib-
rium mean-square chain end-to-end distance 〈R0

2〉. L is
identified here with the maximum contour length of the
atomistically represented chain.7 We refer to eqs 97 and
98 as simply the UCM and the FENE-P models,
respectively. In calculating ∆A/Nch for the two models,
we directly introduced in eqs 97 and 98 the values for
the first mode conformation tensor c1 components
calculated from the field-on MC atomistic simulations.

The figure shows that for small enough ∆τ values
applied, both analytical models offer a satisfactory
description of the system nonequilibrium thermody-
namics. For larger ∆τ values applied, however, the
analytical expression underlying the UCM model shows
significant deviations from the simulation findings,
which are seen to get enhanced with further increasing
∆τ. On the contrary, the expression behind the FENE-P
model, which has explicitly built in chain finite exten-
sibility effects through the parameter L, seems to follow
the simulation results quite faithfully. This explains the
success of this model in fitting rheological data over a
wide variety of processing conditions and its popularity
in the polymer rheology community. The reader should
be reminded here that a similar comparison of the
simulation findings against simple analytical models
had also been made in the paper by Mavrantzas and
Theodorou. However, the comparison there had been
reported at the level of the conformation tensor c and
its dependence on the applied field Rxx. This required
starting with an expression for the probability distribu-
tion function for the chain end-to-end vector R. Here
the comparison is made at the level of the free energy
density A/Nch directly, whose derivatives with respect
to the conformation tensor components enter directly
in the constitutive equation of the corresponding rheo-
logical model, avoiding the need to resort to the corre-
sponding probability distribution function for R.

7. Discussion
We have presented the formulation of the general

nonequilibrium equation for the reversible-irreversible

Figure 1. Diagonal components of the first mode conforma-
tion tensor c1 as functions of the first normal stress difference
∆τ ) τxx - τyy, for the C78 system, obtained by using the
multiple-conformation tensor approach with four modes and
eq 95 for the Lagrange multipliers rp, p ) 1, 2, 3, 4 (T ) 450
K, b ) 1 atm). The statistical error in the results is ap-
proximately equal to the size of the symbols.

A
Nch

(T,F,c) - A
Nch

(T,F,I) )

1
2
kBT[tr(c) - 3] - 1

2
kBT ln[det(c)] (97)

A
Nch

(T,F,c) - A
Nch

(T,F,I) )

- 3
2
kBT Lh 2 ln[1 -

tr(c)

3Lh 2

1 - 1
Lh 2 ] - 1

2
kBT ln[det(c)] (98)
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coupling (GENERIC) in a generalized canonical en-
semble. The new formulation is based on the use of
variables which are conjugate to the state variables of
the macroscopic model and play the role of thermody-
namic fields. This enables us to overcome the shortcom-
ings of the original GENERIC formulation in a gener-
alized microcanonical ensemble, which, for practical
calculations, required the calculation of the system
entropy. The new development has opened up the way
toward interfacing thermodynamically founded, admis-
sible macroscopic models, describing the dynamics of
complex systems, with atomistic simulations, through
the design of thermodynamically consistent, field-on
Monte Carlo simulation algorithms for nonequilibrium
systems. With the proper choice of the conjugate vari-
ables or fields, the new formulation, also termed GE-
NERIC MC,18 enables driving the atomistic system
away from equilibrium in a physically meaningful way
and in accord with the response of the corresponding
macroscopic system to the applied flow field.

In the present work, particular emphasis was placed
on the modeling of polymer melts. Three different
macroscopic models were considered: the single- and
multiple-conformation tensor models appropriate for the
study of unentangled polymer melts and the pompon
model for long-chain branched polymer molecules. For
each one of these three macroscopic models, the relevant
set of state and conjugate variables was defined and
connected to quantities describing the system at the
atomistic level. The methodology was presented for

designing GENERIC MC algorithms aiming at the
simulation of these systems under nonequilibrium
conditions such as those encountered in polymer fluid
flow operations. This was done by specifying the perti-
nent phase-space probability density functions needed
to sample oriented or deformed melt configurations,
representative of the actual system under prescribed
rheological conditions. By inspecting the structure of the
relevant GENERIC equation for spatially homogeneous,
time-independent flows, a kinematic interpretation was
assigned to the conjugate variables, establishing the
connection with the velocity gradient tensor and, there-
fore, with the flow kinematics.

Results were presented from simulating the response
of an unentangled PE melt subjected to a steady-state
elongational flow field at low Deborah numbers, by
mapping the atomistic model onto a multiple conforma-
tion tensor macroscopic model. This consitutes a gen-
eralization of the previous modeling work of Mavrant-
zas-Theodorou through a single-conformation tensor
viscoelastic model.

Future plans will be directed toward three main
directions:

(i) Modeling long-chain branched polymers by follow-
ing the methodology outlined in section 5. Here, the
emphasis will be placed on the so-called H-shaped
molecules. The limiting step in the simulation of these
molecules is the equilibration of the corresponding
atomistic systems. The robust end-bridging Monte Carlo
technique widely used for equilibrating linear PE melts
of length up to C1000 mers long25 is of no use here, since
it does not preserve the architecture of the H-shaped
molecule. To overcome this, a new Monte Carlo move is
being formulated, the double bridging.26 Through the
formation of a double trimer bridging between four mers
properly chosen along the backbones of a bridgeable pair
of H-shaped molecules, the new move induces system
equilibration without destroying the molecular archi-
tecture of the branched molecule, since no chain ends
are involved in the move. In conjunction with the
definition of the variables r and a conjugate to the
orientation tensor S and strech ratio Λ state variables,
respectively, introduced in the present work, the new
move will be used to calculate the free energy of the
H-shaped branched molecules and to propose an im-
proved constitutive equation for the pompon model.

(ii) Modeling nonequilibrium systems by exciting
directly the system configurational distribution function
and not its second moment (as is the case when working
with conformation tensors). Indeed, a whole class of
systems exist for which the appropriate state variable
is not the conformation tensor or a set of conformation
tensors but a distribution function. A typical system of
this kind is the entangled polymer melts. On the basis
of the well-established reptation picture for melts of
linear polymer molecules,10 the proper structural pa-

Table 1. xx and yy Components of the Conformation Tensors rp, p ) 1, 2, 3, 4, Relative to Their Equilibrium Values, for
the C78 Chain System, as Functions of the Orienting Field r1,xx

a

p ) 1 p ) 2 p ) 3 p ) 4

R1,xx cp,xx/cp,xx,eq cyy/cp,yy,eq cp,xx/cp,xx,eq cyy/cp,yy, eq cp,xx/cp,xx,eq cyy/cp,yy,eq cp,xx/cp,xx, eq cyy/cp,yy,eq

0.00 0.98 ( 0.06 0.99 ( 0.06 1.01 ( 0.06 1.02 ( 0.06 1.03 ( 0.06 1.01 ( 0.06 0.99 ( 0.06 1.03 ( 0.06
0.10 1.18 ( 0.06 0.95 ( 0.06 1.02 ( 0.06 0.97 ( 0.06 0.98 ( 0.06 1.00 ( 0.06 0.99 ( 0.06 1.03 ( 0.06
0.20 1.46 ( 0.08 0.89 ( 0.06 1.03 ( 0.06 0.97 ( 0.06 0.99 ( 0.06 1.03 ( 0.06 1.02 ( 0.06 1.01 ( 0.06
0.30 1.79 ( 0.10 0.80 ( 0.05 0.97 ( 0.06 1.03 ( 0.06 0.98 ( 0.06 1.01 ( 0.06 1.03 ( 0.06 0.96 ( 0.06

a The simulations have been performed on bulk melts following the methodology outlined in the main text (T ) 450 K and b ) 1 atm).

Figure 2. Change in the Helmholtz free energy ∆A/Nch of
deformation (in units of J/g) relative to the equilibrium
undeformed (Rp,xx ) 0.0) state for the C78 polymer melt as a
function of the first normal stress difference ∆τ. Filled circles
correspond to the results of the preesent study, by employing
a multiple-conformation tensor model and eq 95 for the form
of the Lagrange multpliers rp. Open triangles correspond to
the analytical expression, eq 97, underlying the rheological
upper-convected Maxwell model, and filled triangles cor-
respond to the analytical expression, eq 98, underlying the
rheological FENE-P model (T ) 450 K, b ) 1 atm).
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rameter to consider for these systems is the configura-
tional distribution function f(u,σ,r,t), expressing the
distribution of the tangent unit vector u along the
contour of the primitive path of a reptating chain at
position σ, at a given position r and time t. For
homogeneous, time-independent flows on which the
present work is focused, the dependence of f on r and t
is ommitted, and the distribution function is simply
denoted as f(u,σ). The orientation vector u is thought
of as a property of a smoothed chain obtained by coarse-
graining the original atomistic chain down to the
entanglement length scale.27 The parameter σ is nor-
malized by the instantaneous total contour length so
that the values σ ) 0 and σ ) 1 correspond to the chain
ends, with the understanding that σ varies proportion-
ally with the contour length. For the sake of simplicity,
the use of additional, more refined parameters, such as
an additional vector describing anisotropic tube cross-
section effects can initially be neglected.12 In the gen-
eralized canonical GENERIC formalism, the variable
conjugate to the distribution function f(u,σ) is a function
g(u,σ), defined by the partial derivative of the entropy
density of the system s with respect to f(u,σ):

How one can excite the distribution function f(u,σ) by
properly choosing the Lagrange multiplier function
g(u,σ) is not trivial at all and will be the subject of future
work in the area.

(iii) Designing a methodology for calculating, in ad-
dition to energy E and entropy S, also the other two
remaining blocks of GENERIC, the matrices L and M.
The solution to this question is given by eqs 15 and 16,
defining L and M as ensemble averages of the deriva-
tives of projection functions with respect to atomistic
coordinates in the canonical ensemble. Using these
equations to get the components of the matrices L and
M is not an easy task: They involve the derivatives of
the projection functions with respect to atomistic coor-
dinates whose calculation is a very formidable task.
They also involve the second derivatives of the system
entropy with respect to the state variables. To calculate
them, on the basis of eq 27, we notice that all second
derivatives involving the momentum density state vari-
able are zero. As regards the rest of these derivatives,
of interest are those with respect to the coarse-grained
variable X. To evaluate them, one can split the Helm-
holtz energy function ∆A into its energetic and entropic
parts (see ref 7 for details), fit the entropic part with a
polynomial in the components of the variable c and
extract the second derivative with respect to c analyti-
cally. The last derivative with respect to the density
variable F can be calculated borrowing ideas from
equilibrium thermodynamics. Work is currently in
progress implementing these ideas for simpler systems,
before extending the analysis to polymer melts. As
mentioned, most of the efforts focus on the efficient

calculation of the derivatives of the projection functions
and on the use of the atomistic configurations sampled
during the atomistic GENERIC MC runs to calculate
the configurational averages appearing in eqs 15 and
16.
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(27) Kröger, M.; Ramı́rez, J.; Öttinger, H. C. Polymer 2002, 43,
477.

MA010688F

g(u,σ) ) - 1
kB

[∂s(F,ε,f(u,σ),λ)
∂f(u,σ) ]F,ε,λ

(99)

Macromolecules, Vol. 35, No. 3, 2002 Polymer Melt Elasticity 975


